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Abstract. Let Jbea Lie foliation on a closed manifold M with struc- 
tural Lie group G. Its transverse Lie structure can be considered as a 
transverse action $ of G on (M,T); i.e., an "action" which is defined 
up to leafwise homotopies. This $ induces an action $* of G on the re- 
duced leafwise cohomology H(T). By using leafwise Hodge theory, the 
supertrace of $* can be defined as a distribution L ( jis(-? r ) on G called 
the Lefschetz distribution of T . A distributional version of the Gauss- 
Bonett theorem is proved, which describes L^iT) around the identity 
element. On any small enough open subset of G, L t ji s (^ r ) is described 
by a distributional version of the Lefschetz trace formula. 
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1. Introduction 

Let T be a C°° foliation on a manifold M. Let Diff(M, T) be the 
group of foliated diffeomorphisms (M, J-) — > (M, J 7 ). The elements of 
Diff (M, J 7 ) that are C°° leafwisely homotopic to idM form a normal sub- 
group Diffo(^ r ), and let Diff (M, J 7 ) denote the corresponding quotient group. 
A right transverse action of a group G on (M, J-) is an anti-homomorphism 
$ : G — > Diff (M, JF). A /oca/ representation of $ on some open subset OcG 
is a map : M x O — > M such that g = </>(•, <?) is a foliated diffeomorphism 
representing $ g for all g £ G. Then $ is said to be of class C°° if it has a 
C°° local representation on each small enough open subset of G. 

Recall that the leafwise de Rham complex ^(J 7 ), dp) consists of the dif- 
ferential forms on the leaves which are C°° on M, endowed with the de Rham 
derivative of the leaves. Its cohomology H(T) is called the leafwise coho- 
mology. This becomes a topological vector space with the topology induced 
by the C°° topology, and its maximal Hausdorff quotient is the reduced 
leafwise cohomology H{T). 

Consider the canonical right action of Diff (M, J 7 ) on H^) defined by 
pulling-back leafwise differential forms. Since Diffo(^ 7 ) acts trivially, we get 
a canonical right action of Diff (M, J 7 ) on H(J-). Then any right transverse 
action $ of a group G on (M, J 7 ) induces a left action of G on H(T). 

Suppose from now on that J- is a Lie foliation and the manifold M is 
closed. It is shown that its transverse Lie structure can be described as a 
right transverse action $ of its structural Lie group G on (M^J 7 ). Consider 
the induced left action <£* of G on H('F). For each g £ G, we would like 
to define the supertrace Tr s which could be called the leafwise Lefschetz 
number L(§ g ) of $ g . This can be achieved when H(J-) is of finite dimension, 
obtaining a C°° function L{T) on G defined by L{J r ){g) = L(<& g ); the value 
of L{J-) at the identity element e of G is the Euler characteristic x(P~) °f 
{{(J 7 ), which can be called the leafwise Euler characteristic of T. But 
may be of infinite dimension, even when the leaves are dense [I], and thus 
L(J-) is not defined in general. 

The first goal of this paper is to show that, in general, the role of the 
function L^J 7 ) can be played by a distribution L^^J 7 ) on G, called the 
Lefschetz distribution of whose singularities are motivated by the infinite 
dimension of H(J-). 
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The first ingredient to define L<jis (J 7 ) is the leafwise Hodge theory studied 
in [2] for Riemannian foliations; recall that Lie foliations form a specially 
important class of Riemannian foliations [19]. Fix a bundle-like metric on 
M whose transverse part is induced by a left invariant Riemannian metric 
on G. For the induced Riemannian structure on the leaves, let Ajr be the 
Laplacian of the leaves operating in Q(J-). The kernel 'H(J-) of A^ is the 
space of harmonic forms on the leaves that are C°° on M. The metric induces 
an L 2 inner product on fl(J-), obtaining a Hilbert space Then Ajr 

is an essentially self- adjoint operator in ft (J 7 ) whose closure is denoted by 
A jr. The kernel of A^ is denoted by U{T), and let II : -> U(T) 

denote the orthogonal projection. In [2], it is proved that II has a restriction 
IT : ^(J 7 ) — > 7~t{J-) that induces an isomorphism H(J-) = Ti^J 7 ), which can 
be called the leafwise Hodge isomorphism. 

Let A be the volume form of G, and let <fi '■ M x O —* M be a C°° local 
representation of <£. For each / € C£°(0), consider the operator 



in Q^J 7 ). Our first main result is the following. 

Proposition 1.1. Pf is of trace class, and the functional f i— > Tr s Pt defines 
a distribution on O. 

It can be easily seen that Tr s Pt is independent of the choice of eft, and 
thus the distributions given by Proposition 11.11 can be combined to define a 
distribution L^isiJ 7 ) on G; this is the Lefschetz distribution of T . 

Observe that L& l& (T) = L{!F) ■ A when H^) is of finite dimension. This 
justifies the consideration of L^^) as a generalization of L(J-); in partic- 
ular, the germ of L^is^J 7 ) at e generalizes xiP 7 )- 

If the operators Pf are restricted to £l l {J-) for each degree i, its trace 
defines a distribution Tr^^), called distributional trace, whose germ at e 

generalizes the leafwise Betti number (3 1 {J-) = dhnH (J-). 

The distributions L&\ s (J 7 ) and Tr l dis (T) depend on A and J 7 , endowed with 
the transverse Lie structure. If the leaves are dense, then the transverse Lie 
structure is determined by the foliation, and thus these distributions depend 
only on A and the foliation. On the other hand, the dependence on A can 
be avoided by using top dimensional currents instead of distributions, in the 
obvious way. 

Our second goal is to prove a distributional version of the Gauss-Bonett 
theorem, which describes L^isiJ 7 ) around e. Let Rjr be the curvature of the 
leafwise metric. Suppose for simplicity that T is oriented. Then Pf (R^/2tt) £ 
{l p (J-) (p = dim J 7 ) can be called the leafwise Euler form. This form can be 
paired with A, considered as a transverse invariant measure, to give a differ- 
ential form wa APf (i?jr/27r) of top degree on M. In particular, if dim J 7 = 2, 
then 




uj a A Pf (JW2tt) = —K t uj m 
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where Kjr is the Gauss curvature of the leaves and ujm is the volume form 
of M . Let b e denote the Dirac measure at e. 

Theorem 1.2 (Distributional Gauss-Bonett theorem). We have 



around e, where A is considered as a transverse invariant measure of and 
Xa(^) is the A-Euler characteristic of T introduced by Connes [Qj. Then 
Theorem 11.21 follows from the index theorem of [9] . 

The third goal is to prove a distributional version of the Lefschetz trace 
formula, which describes L&J^F) on any small enough open subset of G. For 
a C°° local representation <j> : M X O -► M of let <j>' : M X O -»• M X O be 
the map defined by 4>'(x,g) = (<j) g (x),g). The fixed point set of 0', Fix(<//), 
consists of the points (x,g) such that 4> g {x) = x. A point (x,g) G Fix(0') is 
said to be leafwise simple when <^> 5 * — id : T^J 7 — > T^J 7 is an isomorphism; 
in this case, the sign of the determinant of this isomorphism is denoted by 
e(x,g). The set of leafwise simple fixed points of cfr' is denoted by Fixo ■ 
Let pr x : M x O —* M and pr 2 : M x O -> O be the factor projections. 
It is proved that Fixo (</>') is a C°° manifold of dimension equal to codim.7 7 . 
Moreover the restriction pr x : Fixo (</>') — > M is a local embedding transverse 
to J- '. So A defines a measure Ap. on Fixo ((/>'). Observe that pr 2 : 
Fix(</>') — > O is a proper map. 

Theorem 1.3 (Distributional Lefschetz trace formula). Suppose that every 
fixed point of <fi' is leafwise simple. Then 



To prove Theorem 11.31 we consider certain submanifold M[ C M x O 
endowed with a foliation T'^ whose leaves are of the form L x {g}, where L 
is a leaf of J- and g € G. It is proved that pr 2 (M{) is open in some orbit of 
the adjoint action of G on itself, p^ : M[ — > M is a local diffeomorphism, 
and ^-"{ = pr J J 7 . So A lifts to a transverse invariant measure A ^ of J-[ . 
Moreover the restriction ^ of <j)' to M{ is defined and maps each leaf of 
T' x to itself. For each / € C£°(0) supported in an appropriate open subset 
0\ C O, the transverse invariant measure A' x * = pr 2 / • A[ is compactly 
supported. Then the A' x r-Lefschetz number (^) is defined according 
to [2]. Without assuming any condition on the fixed point set, we show 





Ldm{F) = pr 2 *(e • Aj 




on O. 



that 



(2) 



(L dis (^),/)=L A , j .(0'i). 
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We have that Fix(<^) is a C°° local transversal of J-[. Hence Theorem 11.31 
follows from (|2|) and the foliation Lefschetz theorem of [141 [24] . 

The numbers xa(^) and ((/)[) are defined by using I? differential 
forms on the leaves, whilst L c j; s (^ r ) is defined by using leafwise differential 
forms that are C°° on M. These are sharply different conditions when the 
leaves are not compact. So (P) and ([2]) are surprising relations. 

By ©) ^dis(-^ r ) is supported in the union of a discrete set of orbits of the 
adjoint action. Therefore, when codim^ 7 > 0, L^ S (J-) is C°° just when it is 
trivial, obtaining the following. 

Corollary 1.4. If H(JF) is of finite dimension and codim^ 7 > 0, then 
L diB (F) = L{T) = 0. 

By Corollary 11.41 xiP~) 1S useless: it vanishes just when it can be defined. 
Moreover Xa(^) = in this case by ([IJ). So, when codim^ 7 > 0, the 
condition xa(^) 7^ yields dimff(J r ) = oo. More precise results of this 
type would be desirable. 

Let dim J 7 = p. When the leaves are dense, and fi v (T) are finite, 

and thus Tr[] is (.F) and Tr^ is (J^) are C°°. On the other hand, when the leaves 
are not compact, the A-Betti numbers of [9] satisfy P%(T) = 0\{^) = 0. 
Then the following result follows from ([1]) and Corollary 11.41 

Corollary 1.5. J/codim^ 7 > 0, dimT = 2 and the leaves are dense, then 
Tr^JF) - p\(T) ■ 5 e is C°° around e. 

In Corollary 11.51 we could say that /3j t (^ r ) • 5 e is the "singular part" of 
Tr^j^JF) around e. 

Corollary 1.6. Suppose that codim^ 7 > and dimj 7 = 2. // there is a 
nontrivial harmonic I? differential form of degree one on some leaf, then 
dimi7 (J 7 ) = oo. 

It would be nice to generalize Corollary [L6] for arbitrary dimension. Thus 
we conjecture the following. 

Conjecture 1.7. If codim T > and the leaves are dense, then Trj is (jT) — 
/5\(^ r ) • 5 e is C°° around e for each degree i. 

The main results were proved in [3] for the case of codimension one. Our 
results also overlap the corresponding results of |20j. 

We hope to prove elsewhere another version of Theorem 11.31 with a more 
general condition on the fixed points, always satisfied by some local repre- 
sentation (j) of $ defined around any point of G. By ([2]), what is needed 
is another version of the Lefschetz theorem of [14] . which holds for more 
general fixed point sets when the transverse measure is C°°. 

The idea of using such type of trace class operators to define distribu- 
tional spectral invariants is due to Atiyah and Singer [U[30]. They consider 
transversally elliptic operators with respect to compact Lie group actions. 
Further generalizations to foliations and non-compact Lie group actions were 
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given in [21} \TU[ \15\ IT7] . In our case, Ajr is not transversally elliptic with 
respect to any Lie group action or any foliation, but it can be considered as 
being "transversely elliptic" with respect to the structural transverse action; 
this simply means that it is elliptic along the leaves of J- . 

2. Transverse actions 

Recall that a foliation T on a manifold M can be described by a foliated 
cocycle, which is a collection {Ui,fi}, where {Ui} is an open cover of X 
and each /j is a topological submersion of Ui onto some manifold whose 
fibers are connected open subsets of M n , such that the following compatibility 
condition is satisfied: for every x € UiCiUj, there is an open neighborhood 
Ufj of x in UifMJj and a homeomorphism hfj : fo{Ufj) — > fj(Ufj) such that 
fj = hfj o /j on t/Jjj. Two foliated cocycles describe the same foliation T 
when their union is a foliated cocycle. The leaf topology on M is the topology 
with a base given by the open sets of the fibers of all the submersions ft. 
The leaves of T are the connected components of M with the leaf topology. 
The leaf through each point x € M is denoted by L x . The pseudogroup on 
Uj Tj generated by the maps /if ^ , given by the compatibility condition, is 
called (a representative of) the holonomy pseudogroup of J 7 , and describes 
the "transverse dynamics" of T . Different foliated cocycles of T induce 
equivalent pseudogroups in the sense of [12 [13] . 

Another representative of the holonomy pseudogroup is defined on any 
transversal of J- that meets every leaf. It is generated by "sliding" small 
open subsets (local transversals) along the leaves; its precise definition is 
given in [12j. 

When M is a C°° manifold, it is said that J- is C°° if it is described by 
a foliated cocycle {Ui,fi} which is C°° in the sense that each /j is a C°° 
submersion to some C°° manifold. 

Let r be a group of homeomorphisms of a manifold T. A foliated cocycle 
(Ui, fi) of ~F, with fi : Ui — ► Tj, is said to be (T, T)-valued when each Tj is an 
open subset of T, and the maps hfj, given by the compatibility condition, 
are restrictions of maps in T. A transverse (T, T)-structure of T is given by a 
(T, T)-valued foliated cocycle, and two (T, T)-valued foliated cocycles define 
the same transverse (T, restructure when their union is a (T, T)-valued 
foliated cocycle. When T is endowed with a transverse (T, restructure, it 
is called a (T,T)- foliation. 

Let T and be foliations on manifolds M and N, respectively. Recall the 
following concepts. A foliated map f : {M , J 7 ) — > (A r , ^) is a map / : M — ► A r 
that maps each leaf of to a leaf of ^; the simpler notation / : T — > Q 
will be also used. A leafwise homotopy (or integrable homotopy) between 
two continuous foliated maps /, /' : (M, J 7 ) — > (N,Q) is a continuous map 
i? : M x J AT (J = [0, 1]) such that the path H(x, •) : I -> A lies in a 
leaf of ^ for each x G M; in this case, it is said that / and /' are leafwisely 
homotopic (or integrably homotopic). 
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Suppose from now on that T and Q are C°° . Two C°° foliated maps are 
said to be C°° leafwisely homotopic when there is a C°° leafwise homotopy 
between them. As usual, TJ 7 C TM denotes the subbundle of vectors tan- 
gent to the leaves of J 7 , X(M,J 7 ) denotes the Lie algebra of infinitesimal 
transformations of (M, J 7 ), and X{T) C X(M, J 7 ) is the normal Lie subalge- 
bra of vector fields tangent to the leaves of T {C°° sections of TJ 7 — > M). 
Then we can consider the quotient Lie algebra X(M, J 7 ) = X(M, T)/X{J-), 
whose elements are called transverse vector fields. Observe that, for each 
x <G M, the evaluation map ev^ : X(M, J 7 ) — > T X M induces a map ev x : 
X{M,J 7 ) — > T X M jT x T , which can be also called evaluation map. For any 
Lie algebra g, a homomorphism g — ► X(M, J 7 ) is called an infinitesimal trans- 
verse action of q on (M, T). In particular, we have a canonical infinitesimal 
transverse action of X(M, J 7 ) on (M, JF). 

Let Diff(M, J 7 ) be the group of C°° foliated diffeomorphisms (M, J 7 ) — > 
(M, JF) with the operation of composition, let Diff(jF) c Diff(M, JF) be the 
normal subgroup C°° foliated diffeomorphisms that preserve each leaf of J 7 , 
and let Diffo(JF) c Diff(JP") be the normal subgroup of C°° foliated diffeo- 
morphisms that are C°° leafwisely homotopic to the identity map. Then 
we can consider the quotient group Diff(M, J 7 ) = Diff (M, J 7 )/ Diffo^), 
whose operation is also denoted by "o". The elements of Diff(M, J 7 ) can 
be called transverse transformations of (M, J 7 ). For any group G, an anti- 
homomorphism $ : G — > Diff (M, J 7 ), 5 1— > <I> S , is called a rzp/ii transverse 
action of G on {M^J 7 ). For an open subset OcG, a map </> : M x O — > M 
is called a /oca/ representation of $ on O if <j> g = (/)(-, g) € for all g G O. 
For any leaf L oi J 7 and any g € O, the leaf 4> g (L) is independent of the 
local representative 0, and thus it will be denoted by $> g (L). When G is a 
Lie group, <E> is said to be of class C°° if it has a C°° local representation 
around each element of G. 

Somehow, we can think of Diff (M, J 7 ) as a Lie group whose Lie algebra is 
X(M, J 7 ); indeed, it will be proved elsewhere that, if G is a simply connected 
Lie group and is its Lie algebra of left invariant vector fields, then there is 
a canonical bijection between infinitesimal transverse actions of q on (M, J 7 ) 
and C°° right transverse actions of G on (M, J 7 ) . 

The leafwise de Rham complex {VL{!F),djr) is the space of differential forms 
on the leaves smooth on M (C°° sections of f\ TJ 7 * — > M) endowed with the 
leafwise de Rham differential. It is also a topological vector space with the 
C°° topology, and d? is continuous. The cohomology H(F) of djr) is 

called the leafwise cohomology of J 7 , which is a topological vector space with 
the induced topology. Its maximal Hausdorff quotient H^J 7 ) = H(J-)/0 is 
called the reduced leafwise cohomology. 

By pulling back leafwise differential forms, any C°° foliated map / : 
(M, J 7 ) — > (N, Q) induces a continuous homomorphism of complexes, /* : 
Q(G) — > ^(J 7 ), obtaining a continuous homomorphism /* : H(Q) — > H(J-). 
Moreover, if / is C°° leafwisely homotopic to another C°° foliated map 
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/' : (M, T) -> (M, F), then /* = f* : H{Q) -> H{F) by standard argu- 
ments [7]. Therefore, for any F G Diff(M, .T 7 ) and any / E F, the endomor- 
phism /* of H(F) can be denoted by F*. So any right transverse action 
$ of a group G on (M, J 7 ) induces a left action <]?* of G on H{F) given by 

3. Lie foliations 

Let J" be a C°° foliation of codimension 5 on a G°° closed manifold M. 
Let G be a simply connected Lie group of dimension q, and q its Lie algebra 
of left invariant vector fields. A transverse Lie structure oiF, with structural 
Lie group G and structural Lie algebra q, can be described with any of the 
following objects that determine each other [Tl] [19]: 

(L.l) A transverse (G, G)-structure of F, where G is identified with the 

group of its left translations. 
(L.2) A g-valued 1-form u on M such that u x : T X M — > q is surjective 

with kernel T X F for every x G M, and 

du + — [uj, u] = . 

(L.3) A homomorphism : g — > 3t(Af, J 7 ) such that the composite 

fl — *{M,F) T X M/T X F 

is an isomorphism for every x G M. 

In (L.l), the elements of G whose corresponding left translations are involved 
in the definition of the transverse (G, C7)-structure form a subgroup T, which 
is called the holonomy group of F. So the transverse (G, G)-structure is a 
transverse (G, restructure. In (L.2) and (L.3), u and 9 can be respectively 
called the structural form and the structural infinitesimal transverse action. 

A C°° foliation endowed with a transverse Lie structure is called a Lie 
foliation; the terms Lie G-foliation or Lie Q-foliation are used too. If the 
leaves are dense, then the transverse Lie structure is unique, and thus it is 
determined by the foliation. 

A Lie G-foliation F on a G°° closed manifold M has the following descrip- 
tion due to Fedida [HI [19]. There exists a regular covering tt : M — > M, a 
fibre bundle -D : M — > G and an injective homomorphism /i : Aut(7r) — > G 
such that the leaves of J 7 = vr*^ 7 are the fibres of D, and D is /i-equivariant; 
i.e., 

Doa(x) = h(a) ■ D{x) 

for all x G M and cr G Aut(7r). This /i is called the holonomy homomorphism. 
By using the covering space ker(/i)\M of M if necessary, we can assume that 
h is injective, and thus tt restricts to diffeomorphisms of the leaves of F to 
the leaves of F. The leaf of F through each point x G M will be denoted 
by L x . 
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Given a (G, G)- valued foliated cocycle {Ui, fi} defining the transverse 
Lie structure according to (L.l), the g-valued 1-form uj of (L.2) and the 
infinitesimal transverse action 9 of (L.3) can be defined as follows. For 
x G Ui and v G T X M, ui x {v) is the left invariant vector field on G whose value 
at fi(x) is fi*(v). To define 8, fix an auxiliary vector subbundle u C TM 
complementary of TT (TM = u@TT). Each X G q defines a C°° vector field 
X v G X(M,F) by the conditions X u {x) e_u x and = X{fi{x)) if 

x G Ui. Then 0{X) is the class of X v in X(M, J 7 ), which is independent of 
the choice of v. 

By using Fedida's geometric description of the definitions of uj and X v 
can be better understood: 

• Let ijJq be the canonical g-valued 1-form on G defined by uiG{X(g)) = 
X for any X G Q and any g £ G. Then uj is determined by the 
condition tt*uj = D*ujq- 

• Let v = tt~ 1 (v) C TM, which is a vector subbundle complementary 
of TT. Then, for any X £ g, there is a unique X v G X(M, J 7 ) 
which is a section of v and satisfies o X 1 ' = X o D. Since D is 
/i-equivariant, is Aut(7r)-invariant. Then X u is the projection of 
X v to M. 

4. Structural transverse action 

Let G be a simply connected Lie group, and let T be a Lie G-foliation on 
a closed manifold M. According to Section [21 the structural infinitesimal 
transverse action corresponds to a unique right transverse action of G on 
(MjJ 7 ), obtaining another description of the transverse Lie structure: 

(L.4) A C°° right transverse action $ of G on (M, J-) which has a C°° 
local representation (f> around the identity element e of G such that 
the composite 

T e G — T^M ► T x MjT x T 

is an isomorphism for all x € M, where 4> x = 4>(x, ■) and the second 
map is the canonical projection. This condition is independent of 
the choice of <f>. This $ is called the structural transverse action. 

To describe <3?, consider Fedida's geometric description of T (Section [3j). 
For any g € G, take a continuous, piecewise C°° path c : I — > G with 
c(0) = e and c(l) = g. For any x G M, there exists a unique continuous 
piecewise C°° path c~ : I — > M such that 

• ^(0) =x, 

• is tangent to v at every t 6 7 where it is C°°, and 

• D o 8~(t) = D(x) ■ c(t) for any t G I. 

It is easy to see that such a c v x depends smoothly on x. 

Lemma 4.1. We have a o c~ = c^-n /or cc G M and a G Aut(7r). 
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Proof. This is a direct consequence of the /i-equivariance of D and the unicity 
of the paths c~ . □ 

For each g G G, let <j> g : (M, f ) -» (M, J?) be the C°° foliated diffeo- 
morphism given by (f> g (x) = c~(l). For any x G M and cr G Aut(7r), we 
have 

(7 o =0-0 c|(l) = c^ ( - } (l) = ^ o 

by Lemma [4.1l yielding ao<p g = 4> g oa. Therefore, there exists a unique C°° 
foliated diffeomorphism <j) g : (M,^ 7 ) — ► (M,^ 7 ) such that it o c/) g = <f) g o tt. 

Lemma 4.2. XYie C°° leafwise homotopy class of <j) g is independent of the 
choice of c. 

Proof. Let d : / — > G be another continuous and piecewise smooth path 
with d(0) = e and = g, which defines a C°° foliated map </? s : (M, J 7 ) — > 
(M, J-) as above. Since G is simply connected, there exists a family of 
continuous and piecewise smooth paths c s : I — > G, depending smoothly on 
s £ I, with c s (0) = e, c s (l) = g, Co = c and ci = d The paths c s induce 
a family of C°° foliated maps (j) g s : (M, T) — > (M, J 7 ) as above, defining a 
C°° leafwise homotopy between <fi g and <p g . □ 

Lemma 4.3. T/ie C°° leafwise homotopy class of <j) g is independent of the 
choice of v. 

Proof. Let v' C TM be another vector subbundle complementary of TJ 7 , 
which can be used to define a G°° foliated map (f>' g as above. It is easy to 
find a C°° deformation of vector subbundles of v s C TM complementary of 
TJF, s G /, with = v and 1/1 = v' . Then the foliated maps 4>g tS , induced 
by the vector bundles v s as above, define a C°° leafwise homotopy between 
(j) g and (f)' g . □ 

Therefore, for each g, the G°° leafwise homotopy class <3? 9 of 4> g depends 
only on g, T and its transverse Lie structure. So a map $ : G — > Diff (M, J 7 ) 
is given by 5 1— > 3> s . 

Lemma 4.4. & is a right transverse action of G in (M, J 7 ). 

Proof. Given 51,52 £ G, let ci, C2 : I — ► G be continuous, piecewise smooth 
paths such that ci(0) = 02(0) = e, ci(l) = and 02(1) = gi , which are used 
to define c/> 9l and <f> g% as above. Let c : / — ► G be the path product of c\ and 
L gi 0C2, where L gi denotes the left translation by g\. We have c(0) = e and 
c(l) = 5i<72- We can use this c to define (j> gig2 , obtaining 4> gig2 = 4> g2 
and thus ® gig2 = o $ Sl . □ 

Lemma 4.5. $ is C°°. 

Proof. It is easy to prove that each element of G has a neighbourhood O 
such that there is a C°° map c : I x O —* G so that each c g = c(-,g) is 
a path from e to 5. The corresponding foliated diffeomorphisms g form a 
G°° representation of $ on O. □ 
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This construction defines the structural transverse action <3?. According 
to Section [2 induces a left action $* of G on H(JF). 

Lemma 4.6. There is a local representation p : M x O — > M of <3? around 
the identity element e such that <p e = idj^f. 

Proof. Construct 4> like in the proof of Lemma 14.51 such that e € O and c e 
is the constant path at e. □ 

Let p : MxO ^ Mbe& local representation of A map <p : MxO — > M 
is called a Zi/t of ip if 7r o = p g o 7r for all g £ O, where </3 9 = <p(-,g). In 
particular, the above construction of also gives a lift 0. Let R g : G — > G 
denote the right translation by any g € G. 

Lemma 4.7. Any C°° lift <p : M x O — > M o/ eac/i C°° /ocal representation 
<p : M x O — > M o/ sitc/i i/iai O is connected, satisfies D o <p g = R g o D 
for all g € O. 

Proof. It is enough to prove the result when O is as small as desired. It 
is clear that the property of the statement is satisfied by the maps 4> con- 
structed above for connected O. 

For an arbitrary p, if O is small enough and connected, there is some 
<j> : M x O — > M defined by the above construction and some homotopy 
H:MxOxI—>M between p and <f> such that each path t » H (x, g, t) is 
contained in a leaf of T . This H lifts to a homotopy -ff : M x O x I — > M 
between <^ and so that each path i i— ► H(x,g,t) is contained in a leaf of 
T . Then D o <p = D o 0, completing the proof. □ 

Corollary 4.8. <p : L X O —> M is a C°° embedding for each leaf L of T . 

The transverse Lie structure of T lifts to a transverse Lie structure of J-, 
whose structural right transverse action is locally represented by the C°° 
lifts of C°° local representations of <1>. 

5. The Hodge isomorphism 

Recall that any Lie foliation is Riemannian [23J. Then fix a bundle- like 
metric on M [23\ , and equip the leaves of J- with the induced Riemannian 
metric. Let bp denote the leafwise coderivative on the leaves operating in 
and set Djr = d? + 5p. Then Ajf = = d? o dp + dp o 5p is 
the leafwise Laplacian operating in Q,(J-). Let T~L{J') = ker Ayr (the space 
of leafwise harmonic forms which are smooth on M). Since the metric 
is bundle-like, the transverse volume element is holonomy invariant, which 
implies that Dp and are symmetric, and thus they have the same kernel. 

Let fi(^ r ) be the Hilbert space of square integrable leafwise differential 
forms on M. The metric of M induces a Hilbert structure in For 
any C°° foliated map / : (M, T) -> (M, f), the endomorphism /* of n(.F) 
is obviously L 2 -bounded, and thus extends to a bounded operator /* in 
^(T). Consider Djr and as unbounded operators in which are 
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essentially self-adjoint [8j, and whose closures are denoted by D^- and Ajr 
(see e.g. [HQS]). By [2], U{T) = ker Ajf is the closure of H{JF) in fl^), 
and the orthogonal projection II : ^(J 7 ) — > 7~t{J-) has a restriction II : 
7i{J-), which induces a leafwise Hodge isomorphism 

For any C°° foliated map / : (M, J 7 ) — > (M,J-), the homomorphism /* : 
H(!F) — » H^) corresponds to the operator II o /* in / H{J : ) via the Hodge 
isomorphism. So the left G-action on H^), defined in Section 01 corre- 
sponds to the left G-action on H^F) given by (g, a) i— > n o 0*a for any 

<f> g E 

Since the left action of G on TC(J-) is L 2 -continuous, we get an extended 
left action of G on T-L{T) given by (<?, a) i— > II o i^*a for any (j} g £ Q g . 
These actions on TL(J-) and / H{J : ) are continuous on G since <3? is G°°. 

6. A CLASS OF SMOOTHING OPERATORS 

6.1. Preliminaries on smoothing and trace class operators. Let ujm 

denote the volume forms of M. A smoothing operator in £t(JF) is a linear 
map P : ^(J 7 ) — > O^), continuous with respect to the G°° topology, given 
by 

(Pa)(x) = k(x,y)a(y)uj M (y) 
J M 

for some G°° section fe of f\ TT* mj\TT over M x M; thus 

fe(ar, y) E /\ ® j\TT y = Hom(/\ TJ 7 *, /\ TF* X ) 

for any x,y € M. This A: is called the smoothing kernel or Schwartz kernel 
of P. Such a -P defines a trace class operator in ft (J 7 ), and we have 

TrP= / Tr k(x, x) u>m(x) ■ 
J M 

The supertrace formalism will be also used. For any homogeneous operator 
T in or in f\ T X J-*, let denote its restriction to the even and odd 

degree part, and let TW denote its restriction to the part of degree i. If T 
is of trace class, then its supertrace is 

Tr s T = Tr T + — Tr T~ = ^(-1)* Tr . 

i 

Thus 

Tr s P= [ Ti s k(x,x)LO M (x) . 

J M 

Let W k VL(F) denote the Sobolev space of order k of leafwise differential 
forms on M, and let || • \\k denote a norm of W k Sl(J-). A continuous operator 
P in ^("P) is smoothing if and only if P extends to a bounded operator 
P : W k n(-F) -» W^iF) for any k and Z. 
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If an operator P in has an extension P : W k Q(T) W^F), 

then ||P[|fci denotes the norm of this extension; the notation \\P\\k is used 
when k = I. By the Sobolev embedding theorem, the trace of a smoothing 
operator P in £l(J-) can be estimated in the following way: for any k > 
dimM, there is some C > independent of P such that 

(3) \TrP\<C\\P\\ 0>k . 

6.2. The class V. Let A be the set of all functions ij) : R — * C, extending to 
an entire function tp on C such that, for each compact set Jfcl, the set of 
functions {(ih ip(x + iy)) \ y E i^T} is bounded in the Schwartz space <S(R). 
This A has a structure of Frechet algebra, and, in fact, it is a module over 
C[z]. This algebra contains all functions with compactly supported Fourier 
transform, and the functions x i— > e~ tx with t > 0. 

By [213 Proposition 4.1], there exists a "functional calculus map" A — > 
End(f2(jF)), V l— * VKA? 7 )) which is a continuous homomorphism of C[z]- 
modules and of algebras. Any operator tp(Dj?), ip £ A, extends to a bounded 
operator in W k Q(J-) for any k with the following estimate for its norm: there 
is some C > 0, independent of t/j, such that 

(4) W^)ll*< / hK£)|e c| ^, 

where ^ denotes the Fourier transform of Therefore, for any natural N, 
the operator (id +Ajr) Ar ^(-D^") extends to a bounded operator in W k Q(J : ) 
for any whose norm can be estimated as follows: there is some C > 0, 
independent of tp, such that 

(5) ||(id+A^(^)|| fc < J \(id-dl) N m\e c ^dC. 

Fix a left-invariant Riemannian metric on G, and let A denote its volume 
form. We can assume that the metrics on M and G agree in the sense 
that the maps fi of (L.l) are Riemannian submersions (Section [3|). Thus 
D : M — »• G is a Riemannian submersion with respect to the lift of the 
bundle- like metric to M. 

A leafwise differential operator in ^(J 7 ) is a differential operator which 
involves only leafwise derivatives; for instance, djr, 5^, Dp and are 
leafwise differential operators. A family of leafwise differential operators in 
ri(.F), A = {A v | v G V}, is said to be smooth when V is a C°° manifold 
and, with respect to C°° local coordinates, the local coefficients of each A v 
depend smoothly on v in the C°°-topology. We also say that A is compactly 
supported when there is some compact subset K C V such that A v = if 
v ^ K. Given another smooth family of leafwise differential operators in 
f2(.F) with the same parameter manifold, B = {B v \ v € V}, the composite 
A o B is the family defined by {A o B) v = A v o B v . Similarly, we can define 
the sum A + B and the product A • A for some A € R. 
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We introduce the class T> of operators P : ^(J 7 ) — > ^(y 77 ) of the form 

P= f <j>* g oA g A(g)otl>(Dr) , 
Jo 

where O is some open subset of G, (j) : M x O — > M is a C°° local represen- 
tation of $, A = {A g I g G O} is a smooth compactly supported family of 
leafwise differential operators in £l(J-), and ip E »4. 

Proposition 6.1. Any operator P £ T> is a smoothing operator in 

Proof. Let P E 2? as above. By ([5]) and since the operator 4>* preserves any 
Sobolev space, P defines a bounded operator in W k Q(J-) for any k. 

Let ip : M x Oo — > M be a C°° local representation of $ on some open 
neighborhood Oo of the identity element e; we can assume that ip e = \&m by 
Corollary 14.81 For any Y" £ g, let Y be the first order differential operator 
in ^-(J 7 ) defined by 

d 
~dt 



t=0 

which makes sense because exp tY E Oo f° r an Y t > small enough. 

Fix a base Y\, . . . , Y q of q. Then the second order differential operator 
L = — X]?=i ^ i n ^(•^ 7 ) i s transversely elliptic. Moreover Ayr is leafwise 
elliptic. By the elliptic regularity theorem, it suffices to prove that L N o P 
and o P belong to T> for any natural N. In turn, this follows by showing 
that Q o P and Y o P are in T> for any leafwise differential operator Q and 
any Y E 0. 



We have 



QoP = ^;oB s A( 9 )o^) 



'o 

where -B 9 = (</>p _1 ° Q ° 4>* g ° A g . Since 4> g is a foliated map, it follows that 
{B g | g E O} is a smooth family of leafwise differential operators, yielding 
QoPeV. 

For g E O and a E Oo close enough to e, let 

F a ,g = 4>ag ° ° 1 • 

Observe that F e;5 = idM because </? e = idjw- For each 7 £ g, we get a smooth 
family Vy = {Yy.g \ g £ O} of first order leafwise differential operators in 
il(jT) given by 

d , 

^,<? u = T+ F ^PtY,g u 

Let also LyA = {(LyA) 9 | g E 0} be the smooth family of leafwise differ- 
ential operators given by 

(L Y A) g u= ^-A cxp (_ tY ). g u 

at t=Q 

In particular, if A g is given by multiplication by f(g) for some / E C£°(G), 
then {LyA) g is given by multiplication by (Yf)(g). 
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We proceed as follows: 




yielding 




\Jo r 3 Jo 




Jo 



/ (ft* o (V Y o A + L y A) s o ^{D r ) . 



SoYoPeV. 



□ 



With the above notation, by the proof of Proposition 16.11 and ([5]), it can 
be easily seen that, for integers k < £, there are some C, C' > and some 
natural N such that 



Jo 

where (ft and tft are like in Section I5T2| and / G C£°(0). In this case, ([6]) is 
improved by the following result, where Aq denotes the Laplacian of G. 

Proposition 6.2. Let K C O be a compact subset containing supp/. For 
naturals k < I, there are some C, C" > and some natural N , depending 
only on K, k and £, such that 



Proof. Fix an orthonormal frame Y±, . . . , Y q of q. Consider any multi- index 
J = (ji, . . . , jk) with ji, . . . , jk € {1, . . . ,q}. We use the standard notation 
| J | = k, and, with the notation of the proof of Proposition 16.11 let: 

• Yj = Y h o-..o Y jk (operating in C°°(G)); 
. Y, Y r 

• Vj = Vv o • • • o Vy ; and 

• LjA = Ly jx ■ ■ ■ Ly jk A for any smooth family A of leafwise differential 
operators in £l(T). 

Consider the empty multi-index too, with |0| = 0, and define: 

• Yq = id c =o (G) ; 




Here, C depends on k and £, and C 



depends on k, i and A. 



6.3. A norm estimate. Let 
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• Y 9 = idn(^)j 

• V$,g = idn(^") for all g £ O, defining a smooth family V%; and 

• 1/0^4 = A for any smooth family A of leafwise differential operators 
in 

Given any natural N, there is some C\ > such that 
||^IU<Ci, \\(LjVj,) g \\<Cx, 
\\(Yjf)(g)\\<Ckmn\(id+AG) N f{g)\, 

geK 



||(id+^- 1 O Ajr O 0^ O V(A^)|| fc < d IRid+A^ O i>{Dj:)\\ k 



for all g G if and all multi-indices J and J' with | J[, | J'\ < N. 
For any multi-index J, we have 



YjoP = / 4,*oA J>g K{g)o^D T ) 
Jo 



where Aj = {Aj <g \ g G G} is the smooth family of leafwise differential 
operators inductively defined by setting 

M, g = id n(F) -f(g) , 

A UJ) = V 3 oA -J + L j A J ■ 

By induction on |J[, we easily get that Aj is a sum of smooth families of 
leafwise differential operators of the form 

L^Vj/ o • • •oL Jf V r j, • Yjnf , 
where Ji, J[, . . . , Jg, J[, J" are possibly empty multi-indices satisfying 

\Ji\ + \J[\ + --- + \Je\ + \J' e \ + \J"\ = \J\ . 
So there is some C2 > such that 

\\AjJ k <C 2 m a x\(id+A G ) N f(g)\ 

geK 

for all g £ and every multi-index J with | J\ < N. Hence 
\\Yj o P\\ k < J \\cf>*\\ k \\AjJ k dg \\Tp(Dr)\\ k 

^dCamaxKid+Ac)^/^)! / e c ^ d£ 

for some C > by (|4|). On the other hand, 

||(id+A^oP|| fc < [ IKid+^oAjrO^O^AjrJIU A(<?) 
JO 

<d / ||(id+A^o^(A^)|| fc |/( 5 )|A( 5 ) 

<c im ax|/( 5 )i / i(id-a|)^(e)|e c i«ide 
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for some C > by ([5]). Now, the result follows because — Y2j=i ^ s 
transversely elliptic, and Ajf is leafwise elliptic. □ 

6.4. Parameter independence of the supertrace. Choose an even func- 
tion in A, which can be written as x i— ► tp(x 2 ). Take also a C°° local repre- 
sentation (f> : M x O —* M of $ and some / £ C£°(0). Then consider the 
one parameter family of operators Pt G £>, t > 0, defined by 

^ = ^-/(s)A( 5 )oV^A^) 2 . 
Lemma 6.3. Tr s P t is independent oft. 

Proof. The proof is similar to the proof of the corresponding result in the 
heat equation proof of the Lefschetz trace formula (see e.g. [28j). We have 

j t Tr s P t = 2 Tr s J <f>* ■ f(g) A(g) o Ajr o ^(tA r ) o tp(tAf) 

= 2 Tr / ^ • A( 5 ) o d- o 6+ o ^'(iA+) o ^(iA+) 
- 2 Tr / 0! ■ /((/) A( 5 ) od+oS'o V'(iA-) o ^(iA~) 



+ 2 Tr / 4>* ■ f(g) A(g) o S~ o d+ o ^'(tA+) o ^(tA+) 

- 2 Tr / 0* • /((/) A(<?) o ,5+ o d r o V'(iA^) o ^A^) . 
On the other hand, since the function x \— > ip'{x 2 ) is in .4, we have 
Tr / 0* • A( 5 ) o o «5± o i//(tA%) o ^(iA±) 



o 



Tr^o / 0*-/( 5 )A( 5 )oV / (tA±)o^A±)o«5 
Jo 



Jo 

= Tr / ^ • /(</) AG/) o V/(tA|) o ^A±) 0^04 
Jo 

= Tr / 0* • /(g) A( 5 ) o ^ o 4 o V/(iA±) o ^(iA±) , 
Jo 

where we have used the well known fact that, if A is a trace class operator 
and B is bounded, then AB and BA are trace class operators with the same 
trace. Therefore 4z Tr s P t = as desired. □ 

6.5. The global action on the leafwise complex. Let (5 be the holo- 
nomy groupoid of J- . Since the leaves of Lie foliations have trivial holonomy 
groups, we have 

(3 = {(x, y) € M x M \ x and y lie in the same leaf of J-} . 



18 



J.A. ALVAREZ LOPEZ AND YA. KORDYUKOV 



This is a C°° submanifold of M x M which contains the diagonal Am- Let dp 
be the distance function of the leaves of T. For each r > 0, the r -penumbra 
of Am in is defined by 

Pen & (A M ,r) = {(x,y) G \ dj?(x,y) < r} . 

Observe that a subset of has compact closure if and only if it is contained 
in some penumbra of Am- The product of two elements (xi, yi), (x2, 2/2) G 
is defined when y± = X2, and it is equal to (£1,2/2)- The space of units of 
is Am = M. The source and target projections s,r : — ► M are the 
restrictions of the first and second factor projections M x M — > M; thus 

r _1 (x) =I,x {a:} , s _1 (x) = {x} x L x 

for each x G M. 

Let 5 denote the C°° vector bundle 

s* f\ TJ 7 * <g> r* /\ TJF 

over 0; thus 

5 (Xil/) = /\ T x r- ®/W = Hom(/\ TyJ 7 *, /\ T X T*) 

for each (x, y) € (25. Let cjjf be the volume form of the leaves of T (we assume 
that T is oriented). Recall that C%°(S) is an algebra with the convolution 
product given by 

(h ■ k 2 ){x,y) = / ki(x,z) o k 2 (z,y)ujjr(z) 

J L x 

for fci,&2 G C%°(S) and (x,y) G 0. Recall also that the global action of 
C c °°(5) in n(^) is defined by 

(k-a)(x)= k(x,y)a(y)(jjr(y) 

for k G C C °°(S), q G fi(jF) and x G M. 

Consider the lift to M of the bundle-like metric of M, and its restriction 
to the leaves of T. Let U^F) C O(JF) be the subcomplex of differential 
forms a whose covariant derivatives V r a of arbitrary order r are uniformly 
bounded; this is a Frechet space with the metric induced by the seminorms 

j|||a|||| r = sup{V r a(x) | x G M} . 

Observe that 7T*(J2(JF)) C Upffi. 

The holonomy groupoid of T satisfies the same properties as 0, except 
that, in 0, the penumbras of the diagonal A^ have compact closure if and 

only M is compact. 

The map ttxtt: MxM^MxM restricts to a covering map — > 
0, whose group of deck transformations is isomorphic to Aut(7r): for each 
a G Aut(-7r), the corresponding element in Aut(0 — > 0) is the restriction 
a x a : -> 0. 
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Let S denote the C°° vector bundle 

s* f\ TT* <g> f* f\ TT 

over 0, and let C^(S) C C°°(S) denote the subspace of sections supported 
in some penumbra of A^. As above, this set becomes an algebra with the 
convolution product, and there is a global action of C^(S) in UQ(T). 

Any k G C°°(S) lifts via ir x tt to a section k G C°°(S). Since it restricts 
to diffeomorphisms of the leaves of T to the leaves of T, it follows that 
k G C%>(S) iike C™(S). 

Take any ip G A. For each leaf L of T, denoting by Ai the Laplacian of 
L, the spectral theorem defines a smoothing operator iP(Al) in and 
the family 

{iP(A.l) I L is a leaf of .7-"} 

is also denoted by ip(Ajr). By j2f)J Proposition 2.10], the Schwartz kernels 
k^ of the operators VK^l) can be combined to define a section k G C°°(S), 
called the leafwise smoothing kernel or leafwise Schwartz kernel of ip(Aj?). 

Suppose that the Fourier transform ip of ip is supported in [— i?, i?] for 
some R > 0. Then, according to the proof of Assertion 1 in |25^ page 461], 
k is supported in the i?-penumbra of Am, and thus k G C%°(S). Moreover 
the operator ip{Dp) in Q(T), defined by the spectral theorem, equals the 
operator given by the global action of k. 

Consider also the lift k G C^(S), whose global action in UCl(T) defines 
an operator denoted by ip(D~). It is clear that the diagram 



(7) 



un{T) — un(T) 



commutes. 

Any function ip G A with compactly supported Fourier transform can be 
modified as follows to achieve the condition of being supported in [—R,R]. 
For each t > 0, let ipt G A be the function defined by ipt{x) = ip(tx). 

Lemma 6.4. // ip is compactly supported for some ip G A, then ipt * s sup- 
ported in [-R, R] for t small enough. 

Proof. This holds because tpt{0 = jV'lf )■ ^ 

6.6. Schwartz kernels. Let <p, f, ip and P be like in Section [6.31 such that 
ip is compactly supported. Take some R > so that supp ip C [-R, R]. Let 
k G C c °°(5) be the leafwise kernel of ip(D r ), and let k G C%(§) be the lift 
of k, whose action in Q(T) defines the operator ip(D^) (Section l6.5p . 
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Let 4> : M x O -> M be a C°° lift of <f>. Define P : Un(F) -» j7fi(J r ) by 



P 



^•/(<7)A( 5 )o^). 



o 



The commutativity of the diagram 



follows from the commutativity of (JT]). 

Let Up be the volume form of the leaves of J-, which can be also considered 
as a differential form on M that vanishes when some vector is orthogonal to 



the leaves. Thus the volume form of M is 



M 



D*A A ijjj. with the right 



choice of orientations. For x G M and a G U£l{J-), we have 



(Pa)(x) = ( / 0* ■ f(g) A(g) o il>{D~)a)(x 



o 



o 




0* o fc(^(x), y)(a(y)) a;=(y) • A(<?) 



O ./is 



0g ° H4> 9 (x), y){a{y)) ■ fig) w^iv) 

/0(L s xO) 

by Corollary 14.81 where g G O is determined by the condition y G (f> g (Lx), 
which means g = D(x)^ 1 D(y) by Lemma [4. 71 So we can say that P is given 
by the Schwartz kernel p defined by 



(8) 



p(x,y) 



4>* o k(4> g (x),y) ■ f(g) if y G x O) 



otherwise 
for <7 G O as above. It follows that 

(9) P(x,y) = p(x,a(y)) , 

crGAut(7r) 

where x G 7T~ 1 (x), y G 7r _1 (y), and we use identifications T^T = T^J 7 and 

For each x G M, x G M and r > 0, let B^(x, r) and B^(x, r) be the r- 

balls of centers x and x, in and L^, respectively. Let 0\ be an open subset 
of G whose closure is compact and contained in O. By the compactness of 
M x 0\, there is some Pi > such that 

(10) Br(<f> g (x),R) C <t)g{B T {x, Pi)) 
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for all x £ M and all g £ 0\. So 

(11) Bf{4> g (x),R) C fl (B^(x, i?i)) 

for all 5; £ M and all g £ 0\ because tt restricts to isometries of the leaves 
of T to the leaves of T . 

Lemma 6.5. Each g £ O has a neighborhood 0\ as above such that 

tt : ^{Bf{x,R{) x Oi) — >■ M 
is infective for any x £ M. 

Proof. Since M is compact, there exists a compact subset K C M with 
tt(K) = M. Notice that, if the statement holds for some x £ M, then it also 
holds for all points in the Aut(7r)-orbit of x. So, if the statement fails, there 
exist sequences Xi,yi £ M and <Tj £ Aut(7r) such that Xi £ K, o~i ^ id^, 
and 

dM{{yi,<Ji{yi)},4>g{Bp{xi,Ri))) 

as i — > oo; observe that -D(xj) -1 D{yi) — > g by Lemma 14.71 Since K is com- 
pact, we can assume that there exists limj X{ = x £ M, where denotes 
the distance function of M. Hence yi and crj(yj) approach (f> g (B^(x, R\)). 
Since (p g (B^(x, Ri)) has compact closure, it follows that jji and t7j(yj) lie in 
some compact neighborhood Q of 4> g (B^(x, Ri)) for infinitely many indices 
i, yielding (Ji(Q) f] Q ^ 0. So there is some a £ Aut(7r) such that Oi = a for 
infinitely many indices i. In particular, a 7^ id^. 

On the other hand, since yi and Oi(yi) approach 4> g (B^(x, Ri)), which has 
compact closure, we can assume that there exist linij y% = y and linij o~i{yi) = 

o~(y) in (f> g (Bp(xi Ri)), which is contained in the leaf <f) g (L%) (a fiber of D). 
So 

D(y) = D(a(y)) = h(a) ■ D(y) , 

yielding h(a) = e, and thus a = id^ because h is injective. This contradic- 
tion concludes the proof. □ 

From now on, assume that 4> satisfies (|10p and the property of the state- 
ment of Lemma [6. 51 with some fixed open subset 0\ C O which contains the 
support of /. 

Corollary 6.6. The map ir is injective on the support of p(x, •) for any 
x £ M. 

Proof. By (jHJ), (fTT|) and since k is supported in the i?-penumbra of Arr, we 
get 

supp(p(x,-)) C (f>(Bf(x,Ri) x Ox) 
for any x, £ M, and the result follows from Lemma 16.51 □ 
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Corollary 6.7. We have 

p / x y \ = ^* g ok (4>g(x),y) ■ fig) ify£ 4>(L X x d) 

1 otherwise, 

where g 6 Oj is determined by the condition y £ (p g (B^(x, R\)). 

Proof. This is a consequence of (JSj) , ([9j), Corollary 16.61 and Lemma 16.51 □ 

Corollary 6.8. If e £ 0\ and 4> e = idM; then 

p(x,x) = k(x,x) ■ /(e) . 

Proof. Since 4>e = ^m, the result follows from Corollary 16.71 and the follow- 
ing assertion. 

Claim 1. For all g £ 0\ and x £ M, if x £ (p g (Bjr(x, R\)), then g = e. 
By Lemma 16.51 

7T : 4>(Bf(x,Ri) x Ox) cj>(Bj,(x,Ri) x Oi) 
is a diffeomorphism. On the other hand, 

4> : L 5 x Oi -> (£(Z £ x Oi) 

is a diffeomorphism as well by Corollary 14.81 It follows that 

</> : BpixM xOi^ x Ox) 

is also a diffeomorphism, which implies Claim [1] because (f> e (%) = x. □ 

Lemma 6.9. For i £ {1,2}, suppose that Xi £ (j) gi {Bjr(xi,Ri)) for some 
( x i,9i) £ M x 0\. If X2 is close enough to x\, then there is some a £ G 
such that X2 £ $> a (L Xl ) and g^ = a _1 gia. 

Proof. We have 

$aC&*i) = $a O * ffl (L Xl ) = * a -iflia $a(£*i) 

for all a £ G. Therefore, if X2 is close enough to xi, there is some a £ G 
such that a~ l g\a £ Oi and 

(Br(x 2 ,Ri)) . 

Then the result follows because the condition X2 £ 4> g2 {Bjr{x2^ R\)) deter- 
mines g2 in Oi by Lemma 16.51 □ 

7. Lefschetz distribution 

Let (p : M x O — > M be a C°° local representation of the structural 
transverse action <& on some open subset O C G. For any / £ C£°(0) and 
t > 0, let P/ and Q t j be the operators in fi(.F) defined by 



Jo 



Q*,/ = / <f g ■ fio) Ha) ° e 
Jo 



-tA-> 
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The operator Q t j is in the class T>, and thus it is smoothing by Proposi- 
tion ED 

Proposition 7.1. Pf is a smoothing operator. 

Proof. By [2], IT defines a bounded operator in each Sobolev space W k Q l (J 7 ). 
Hence, Pf = Q t j o n is smoothing because so is Qtj- d 

By Proposition 17.11 Pf is a trace class operator in the space ^(J 7 ), and 
thus so is Pi . 

(i) 

Proposition 7.2. The functional f t— ► TrP^ is a distribution on O. 
Proof. Since II is a projection in f£(jF) and Pf = Qtj o n, we have 

HPj^llo.fc < IIQt'/Ilo,* j 
and the result follows by ([3]) and Proposition 16.21 □ 

Proposition 11.11 is given by Propositions I7.l l and 17.21 
Because the endomorphism <!>* of H{J-) corresponds to the operator LT o 
(j)* in H(J-) by the leafwise Hodge isomorphism, the composite n o Pf is 

independent of the choice of (/). Moreover TrPj^ = Tr(n o Pf )■ Hence 
the distributions given by Proposition 17.21 can be combined to form a global 
distribution Tr^^) on G; in this notation, T refers to the foliation endowed 
with the given transverse Lie structure, which indeed is determined by the 
foliation when the leaves are dense. Each Ti^^F) is called a distributional 
trace of J-, and define the Lefschetz distribution of T by the formula 

L dis (^) = ^T(-iy T4 S (^) . 

% 

Lemma 7.3. For any f G C c °°(0) ; Tr Qfl -» Ti pf ] ast^oo. 

Proof. Since Qij is smoothing, it defines a bounded operator W~ l Q! L {J-) — > 
W^iF) for any k. By [2], e -(*-l)Ajr _ n is bounded in W' 1 ^^) for 
t > 1 and converges strongly to as t — > oo. From the compactness of the 
canonical embedding 0*(JF) -> W^fi*^, it follows that e'^' 1 ^ - n 
converges uniformly to as t — > oo as an operator ft 1 (J 7 ) — > 
Therefore HQt,/ — P/||o,fe — > as i — > oo for any A; because 

Q*,/ - Pf = Qu ° (e-^- 1 )^ - n) . 

Then the result follows from ([3]). □ 
Corollary 7.4. Tr s Q ti/ = Tr s P f for all t. 

Proof. This follows from Lemmas 16.31 and 17.31 □ 
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8. The distributional Gauss-Bonett theorem 

The holonomy pseudo-group of T is represented by the pseudogroup on 
G generated by the left translations given by elements of T. Thus A can be 
considered as a holonomy invariant transverse measure of T . To be more 
precise, take a (G, T)-valued foliated cocycle {C/j, fi} defining the given trans- 
verse Lie structure (Section [3]). The differential forms f*A can be combined 
to get the transverse volume form uj\ of T . We can also describe uj\ by the 
condition D* A = tt*uj\. The restriction of uj\ to smooth local transversals 
is the precise interpretation of A as a holonomy invariant measure on local 
transversals. 

By non-commutative integration theory [9] , the holonomy invariant trans- 
verse measure A defines a trace Tr A on the twisted foliation von Neumann 
algebra W*(M, T, /\ TJF*). Consider also the corresponding supertrace Tr A , 
equal to ±Tr A , depending on whether the even-odd bigrading is preserved 
or interchanged. 

With the notation of Section [631 we have C~(S) C W*(M, T,/\TT*); 
here, each k E C£°(S) is identified to the family of operators on the leaves 
whose Schwartz kernels are the restrictions of k, and moreover 

Tr A (fc) = / Tr k(x, x) ujm (x) , Tr A (/c) = / Tr s k(x, x) com(x) ■ 
Jm Jm 

For each leaf L, let fi(L) denote the Hilbert space of L 2 differential forms 
on L, let Ti(L) C fi(L) be the subspace of harmonic L 2 forms, and let ITx 
be the orthogonal projection fl(L) — > 7i(L). The family 

LTr = {Ul I L is a leaf of J-} 

defines a projection in W*(M, J 7 , f\ TT*). The notation LTj* and LTjp is used 
when we are only considering differential forms of degree i. For each leaf L, 
let Sl = S\l x l, and let k^^k^j G C co (Sl) denote the Schwartz kernels of 
and . These sections can be combined to define measurable sections 
k and fcW of S, called the leafwise Schwartz kernels of Hp and . Since k 
and fcW are C°° along the fibers of the source and target projections, their 
restrictions to the diagonal Am are measurable, and we have 

Tr A (ng)=/ Trk^\x,x)u M (x) , Tr A (n^) = / Tr s k(x, x) uj m (x) . 
Jm Jm 

According to [9], the ith A-Betti number is defined by 

/3 A (^) = Tr A (nf ) , 
and the A-Euler characteristic is given by the formula 

XA (^) = Tr A (n^) = ^(-l) i 4(^). 

i 

Theorem 8.1. L&^F) = xa{F) ■ 5 e in some neighborhood of e. 
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Like in [25, p. 463], choose a sequence of smooth even functions on R, 
written as x i— ► i/j m (x 2 ) with ip m (0) = 1, whose Fourier transforms are 
compactly supported and which tend to the function x i— > e~ x ' / 2 in the 
Schwartz space Let be the leafwise Schwartz kernel of ^ m (tAjr) 2 , 

which is in C^°(S) according to [25] . In [25, p. 463], it is proved that 

(12) T4V m (tA^) 2 = XA (^) . 

Let (f) : M x O —* M be any C°° local representation of <& on some neigh- 
borhood O of e such that e = idjvfj whose existence is given by Lemma [4. 6 1 
Given R > 0, take R\ > and some open subset Oi of O containing e such 
that (llOj) and Lemma 16.51 are satisfied. 

For every / € C£°(0) supported in 0%, let 

Q m ,y = / 4>g ■ /(<?) Ha) ° <M*A^) 2 e v . 
Jo 

Lemma 8.2. Tr s Q mM = X a{F) ■ /(e). 

Proof. By Lemma 16.41 we can apply Corollary 16.81 to Q m ,tj when t is small 
enough, obtaining 

Tr s Q m ,t,f = / Tr s k m ,t(x, x) ■ /(e) u) M {x) 
Jm 

= Ti%1> m (tAr) 2 ■ /(e) . 
Then the result follows by (|12p . □ 

Consider the operators Q t j and Pj of Section [7J 
Lemma 8.3. We have 

lim Tr s Q m . tJ = Tr s Q tJ 

m— »oc 

/or eac/i i. 

Proof. Since the function x i— > ip m (tx 2 )— e~z x tends to zero in A as m — > oo, 
we get 

lim \\Q m ,tj ~ Qt,f\\o,k = 

m^oo 

for all by (J6J) (or Lemma l6.2p . and the result follows from ([3]) □ 
Theorem 18.11 follows from Lemmas 18.21 and 18.31 an d Corollary 17.41 

9. The distributional Lefschetz trace formula 

Let T 1 be the foliation ofMxG whose leaves are the sets L x {g} for 
leaves L of T and points g € G. Lemma [6 . 91 suggests the following definition: 
for each x G M and g G G, let 

M Ug) = U x V}) • 

Observe that Ml , = M x |ej. Moreover Ml s = Ml , if and only if 

(x,e) l J {xi,gi) (X2,g2) J 

(x2,92) € Ml w thus these sets form a partition of M x G. 
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Proposition 9.1. The sets ML g \ are the leaves of a C°° foliation Q on 
M x G. 

Proof. Consider the canonical identity XL g )(M x G) = T X M ®T g G for each 
(x, g) G M x G, and let Ad : G — > Aut(g) denote the adjoint representation 
of G. With the notation of Section [H consider the C°° vector subbundles 
V, W C T(M x (?) given by 

V(,, 9) = {(X u (x), [X - Ad g -i(X))(g)) | X G g} , 

The distribution defined by V is not completely integrable. Nevertheless, 
since [X U ,Y V ] - [X, Y] v G for all X,Y G q, it follows that the distri- 

bution defined by W is completely integrable. Thus there is a C°° foliation 
Q on M x G so that TC? = W. It is easy to check that the leaves of Q are 
the sets ML s. □ 

Let pr x and pr 2 denote the first and second factor projections of M x G 
onto M and G, respectively. 

Proposition 9.2. For each leaf M' of Q , we have the following: 

(i) the restriction pr 1 : M' — > M is a covering map; and 

(ii) pr 2 restricts to a fiber bundle map of M' to some orbit of the adjoint 
action of G on itself. 

Proof. For any x G M, there is some open neighborhood P of x in L x , and 
some local representation <p : M x O — > M of $ on some open neighbor- 
hood O of e such that ip restricts to a diffeomorphism of P x O onto some 
neighborhood U of x. For any g G G such that G M' , the set 

tfs = {(>a(2/),a~V) | y G P, a G O} 

is an open neighborhood of (x, <?) in M', and the restriction pr x : — > U is 
a diffeomorphism. Therefore property (i) follows. 

It is clear that pr 2 (M') is an orbit of the adjoint action of G on itself, 
and that pr 2 : M' — > pr 2 (M') is a C°° submersion; thus its fibers are C°° 
submanifolds. If (x, g) G M', it can be easily seen that 

pr^ 1 ^) nM' = {(My), 9) I y e a g g 9 , 9 g , 

where G ff is the centralizer of g in G. For ^:MxO->Mas above, the set 
O' = {b _1 gb | b G O} is an open neighborhood of g in pr 2 (M'). Let 

F : O' x (pr 2 ^ff) n M') -» prj 1 (0') n M' 

be the map defined by 

F(b' l gb; <p a {y),g) = {Vb-^ab ° Vbiv), b~ l gb) 

for y G L x , a G G 9 and 6 G O'. It is easy to see that F is a G°° diffeomor- 
phism, which shows property (ii). □ 
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Observe that J 7 ' is a subfoliation of Q, and, for each leaf M' of G, the 
restriction T'\m' is equal to the lift of T by pr x : M' — > M. 

Let <j!» : M x O -> M be any C°° local representation of Given i? > 0, 
take i?i > and some open subset 0\ of O containing e such that (fT0|) and 
Lemma 16.51 are satisfied. Let 

S = {(x, g)eMx0 1 \xe <f> g (B^(x, i?i))} . 

Proposition 9.3. PFe have: 

(i) <S is contained in a finite union of leaves of Q; and 

(ii) the restriction pr 1 : S — > M is infective. 

Proof. Property (i) is a consequence of Lemma 16.91 and the compactness of 
M. Property (ii) follows from Lemma 16.51 □ 

Let (/)' : M xO —> M xObe the C°° diffeomorphism defined by <f/(x, g) = 
(4>(x,g),g). Observe that <fi' is a foliated map !F'\mxO —* F'\mxO- 

Proposition 9.4. Let M' be a leaf of Q. If <f>' preserves some leaf of 
F'\M>n(MxO), then it preserves every leaf of ^ImtiCMxO)- 

Proof. Take some point (x, g) in a leaf L' of F'\M'n(MxO) j thus L' = L a . x {g}. 
Suppose (j)'(L') C L', which means <& g {L x ) = L x . Any leaf of ^"'Ijw'nfiWxO) 
is of the form <& a {L x ) x {a~ l ga} for some a £ G. We have 

So <f>' preserves & a (L x ) x {a~ 1 ga}. □ 

According to Proposition 19.31 if 0\ is small enough, then 5 is contained 
in a leaf M' of Q; this property is assumed from now on. Let M[ = M' n 
(M x 0\) and ^ = T\ M > X - By Proposition 19.41 0' maps each leaf of M' to 
itself, and thus can be restricted to a map <f>\ : M[ — > M{ , which is a foliated 
map (M{,F[)^(M{,F[). 

Consider the volume form A of G as a transverse invariant measure of T. 
By Proposition 19.24 - (i) . A lifts to a transverse invariant measure A^ of J-[. 
Similarly, the Riemannian metric of M lifts to a Riemannian metric of M' , 
which can be restricted to M{ ; the volume form of this restriction is denoted 
by w M /. 

Even though the foliated manifolds of [13] are compact, it is clear that 
its Lefschetz theorem for foliations with transverse invariant measures gen- 
eralizes to the non-compact case when the transverse invariant measure is 
compactly supported. 

In our case, M{ may not be compact, but, for every / G C£°(0) supported 
in 0\, A j j = pi'2 / • Aj of T[ is a compactly supported transverse invariant 
measure of J-[. Therefore, according to [14J, the A' x ^-Lefschetz number 
Aa.' X'P'i) °f 0'i can be defined. 
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Theorem 9.5. With the above notation and conditions, we have 

(L dis (F),f) = L A , f (<i ) ' 1 ) 

for every f € C£°(0) supported in 0\. 

The proof of Theorem 19,51 is analogous to the proof of Theorem 18.11 The 
holonomy groupoid 0^ of J-[ can be described like in Section 16.51 as a 
C°° submanifold of M[ x M[ containing the diagonal. Its penumbras of the 
diagonal can be also defined like those of 0. Its source and target projections 
are denoted by s'i,r[ : 0' x — > M[. The restriction pr x x pr x : 0^ — ► is a 
covering map by Proposition I9.21 (i) . 

Let S[ be the C°° vector bundle 

4 /\ TT[* ® r[* f\ TT[ 

over 0' 1; which can be identified with x pr 1 )*5. The space of C°° 
sections of S[ supported in penumbras of the diagonal will be denoted by 
C%(S[). Like in Section EH there is a global action of C%(S[) in n(^J). 

For each leaf V of J-[, the composite <ft* oHl 1 is a smoothing operator on 
L', and let k', L , denote its smoothing kernel. All of these smoothing kernels 
can be combined to define a measurable section k^ of S[ with C°° restrictions 
to the fibers of s^; fe<* can be called the leafwise smoothing kernel or leafwise 
Schwartz kernel of <fi'* o lip/. So the restriction of k^ to the diagonal A A // 
is measurable too. Then cj)'* o lip/ defines an element of the von Neumann 
algebra W*{M[,F' 1 ,[\TJ r '{), and' we have 

(13) L A , (0' 1 ) = Tr^(0' 1 *on^)= / Tr s k4x,x)u; M , . 

For any tp £ A. with supp?/> C [— JR, i?] 3 we have defined the leafwise 
Schwartz kernels k € C°°{S) and jfe G C£(S) of rp(Djr) and ij){D~) in 
Section [HJ Similarly, we can define the leafwise Schwartz kernels k[ , A;^ £ 
Ca'(S'i) of tj)(Dj?i) and </>']* o ip(A^), respectively. It is easy to see that k[ 
can be identified with the lift of k via pr 1 x pr x . Therefore fc^, is given by 

(14) k f lj> ((x,g),(y,g)) = ^ o k'M(x , g) , (y , g)) = <f>*ok{<l> B (x),y) . 

Choose a sequence of functions ip m like in Section [8l Let k and k m i be 
the leafwise Schwartz kernels of Tip and il) m {tAjr) 2 , respectively. By [27| 
Lemma 1.2], k m t tends to k as t — > oo, and moreover /c m ^ is uniformly 
bounded for large m and t. Hence, by (114)) . the leafwise Schwartz kernel 
fej m( of 0']* o ^ m (tA^ ) 2 tends to as i — > oo, and A; m) t is uniformly 
bounded for large m and t. Therefore 

lim Tr%, U[* o ^ m (iA^) 2 ) = L A , (01) 

t^-OO 1,J 1 i >J 

for each m by (fT3l) and the dominated convergence theorem. Furthermore 

T4,^o^ m (tA^) 2 ) 
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is independent of t (see |14} Theorem 5.1]). Therefore 
(15) ^i [f (<Pi ° ^ m (tAf,) 2 ) = L Ks {^) 



for all m and t. 

Let Qm,t,f be defined like in Section [H 

Lemma 9.6. We have 

Tr s Q m ,t,f = L A >^ f {<pi) 

Proof. By Lemma f6.4t the Schwartz kernel q m ,t,f of Q m ,t,f is given by Corol- 
lary [621 when t is small enough. So, if (x,x) G suppg m t j for some x G M, 
we have 

Qm,t,f(x, x)=4>*o k m j(<fi g (x), x) ■ f(g) , 

where g G O is determined by the condition £ € (f)g(B^^x, Ri)); thus (a;, g) G 
5 C M[. Therefore, since pr x : S —* M is injective (Proposition 19. 31 - (ii)). 



Tr s Q mjtj/ = IJTr s (4>* o k m<t {(j) g {x),x)) ■ f(g) uj m ^x, g) 
Tr * *4,m,t (( x > 5), (a;, 5)) • /(sO w A /| (a, 5) 



by {TH 



for i small enough. Then the result follows by (|15j) . □ 

Theorem 19.51 follows from Lemmas 19.61 and 18.31 and Corollary 17.41 
Now, let us prove Theorem 11.31 Let Fix(<//) and Fix(^' 1 ) denote the fixed 
point sets of <f>' and (f>\. Observe that Fix ((/>') C M', and thus 

(16) Fix(0' 1 ) = Fix(0') n (M X Ox) . 

It is clear that pr 2 : Fix(0') — > O is a proper map because M is compact and 
Fix((/>') is closed in M x O. Then pr 2 : Fix(<^4) — > Oi is proper too by (p~6|) . 

A fixed point (x,g) of 0' is said to be leafwise simple if 4> gif — id : T X T — > 
T^J 7 is an isomorphism. The set of simple fixed points of 0' is denoted by 
Fix ((/>')• Define e : Fix ((/>') -» {±1} by 

e(x, 5) = signdet(</> 9 * - id : T^JF -> T^JF) . 

Lemma 9.7. Fixp (</>') is a C°° regular submanifold of M' whose dimension 
is equal to codim^ 7 . 

Proof Let : M x O M x M be the C 00 map defined by = 
(x,(f) g (x)), and let Ajw denote the diagonal in M x M. Then Fix(0') = 
_1 (A M ). 

There is some open subset U C M x O such that Fixo (</>') = Fix(0') n f/. 
Then the result follows by showing that the restriction ip : U — » M x M is 
transverse to Am- 
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Pick any (x,g) G Fixo(0'). Let Al x denote the diagonal in L x x L x . 
Consider the canonical identity T^ xx ^ (M x M) = T X M T X M. The fact 
that x is a simple fixed point of 4> g means that 

(17) T X L X T X L X = 4>*(T( X ^(L X x {g})) + T( x>x )A Lx . 

Observe that 

fi x = (j)*(T( x ^({x} x G)) 
is complementary of T X J-, and 

k{T {x , g) {{x} x G)) =0 x ®fi x , 

where X denotes the zero subspace of T X M. So 

T X M T X M = (T X L X T X M) + T (XjX) A M 

= (T X L X T^) + (0 X ^) + T (XiX )A M 

= 0*(T (:r)g) (M x G)) + T( x>x )Am 

by ([T7])- □ 

Proposition 9.8. Fixo (</>') «s a C°° transversal of T'\m' ■ 

Proof. By Lemma 19.71 it is enough to prove that Fixo (</>') is transverse to 
3~'\m'i which follows from the following claim for any point (x,g) € Fixo(^>'). 

Claim 2. We have 

T {X:g) (Fix (<f)'))nT {X:g) F' = . 

The proof of Claim [2] involves another assertion: 

Claim 3. We have 

T^Fixo^')) = ker(^ - pv u : T^ g) M' T X M) . 

For any v € T( a , ff )(Fixo(</) / )), there is a G°° curve (xt,gt) in Fixo((/>'), with 
— e < t < e for some e > 0, such that (xo,go) = (x,g) and ^ (xj,gt)| t=0 = v. 
We have 4>(x t ,g t ) = x t = pr^xj,^), yielding ^(v) = pT u (v). So 

« e ker(0* - pr u : I^M' - T^M) , 

obtaining the inclusion "c" of Claim [3j 

Since 4> g * — id : T x J 7 — > T x T is an isomorphism, so is 4>* — P r i* : T^ ^J 7 ' — > 
T X J- ' . Hence 

ker(0* - pr u : T^ g) M' -» T X M) n T (a!)fl) ^ = , 

yielding Claims [2] and [3] because the inclusion "c" of Claim [3] is already 
proved. □ 

Proposition 9.9. pr 2 : Fixo (</>') — > pr 2 (M' ) is a C°° submersion. 
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Proof. Since the leaves of T' are contained in the fibers of pr 2 , the tangent 
map pr 2 * induces a homomorphism pr 2 „ : T(M x G)jTT' — > TG. Take 
any (x,g) € Fixo (</>'). By Proposition 19,81 and according to the proof of 
Proposition 19. 1| the restrictions 

T (x , 9) Fix (</>') ► T iXjg) M'/T {Xtg) r < V {x>g) . 

of the quotient map T(M x G) — > T(M x G)/TJ-' are isomorphisms. More- 
over pr 2>11 corresponds to pr^T by these isomorphisms. So 

pr 2 *(^, 9 )(Fix (^))) = {(X - Ad g -i{X))(g)) leg} 

= T g ( P r 2 (M')) 

by the proof of Proposition 19.11 □ 

According to Proposition 19.81 the- measure given by A' on Fixo (</>') is 
denoted by A^^. The direct image pr 2j „(e • A^^) is supported in 
pr 2 (M')nO. 

Let lo\ be the transverse volume form of J- defined by A. Then the 
transverse volume form of T'\m< defined by A' is u\> = pr* u\. The restric- 
tion of uj\i to the C°° local transversal Fixo ((/>') is a volume form, which 
can be identified to the measure Ap-,^. According to Proposition 19.91 
pr 2 *(e • Ap ixo( .^,j) is given by the top degree differential form on pr 2 (M') n O 
defined by the integration along the fibers 

e -^A'lFixoM/) • 

pr 2 

By ()16p . Theorem 19.51 and the Lefschetz theorem of |14j . we have 
{L dis (F),f) = L A , ij (cf> / 1 ) 

e(x,g)f(g) A Fix(0 /)(aj) 

Fix(^) 

7(5) P r 2*(e- A'pi-n)^) 

/Oinpr 2 (M') 

= (Pr 2 *(e- A' Fix(0O ),/) , 
completing the proof of Theorem 11.31 



10. Examples 

10.1. Codimension one foliations. Consider the case when J 7 is a codi- 
mension one Lie foliation. So we have g = R, G = R, and F is defined by a 
closed nonsingular 1-form u. The leaves of in M x R are M' s = M x {s}, 
s G R. A global C°° representation of $ is given by the flow : M x R — > M 
of an arbitrary vector field A on M such that u(X) = 1. Then 

Fix(0') = {(x, s) e M x R (j> a (x) = x} . 
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So we have Fix(0') n M' s ^ if and only if either s = or s is the period of 
a closed orbit of the flow cj>. In the latter case, we have 

Fix{<f/)nM' 8 = \J<D c x{8}, 

c 

where c runs over the set of all closed orbits of period s, and O c is the 
corresponding primitive closed orbit: 

O c = {(j> t {x) el \te[0,£(c)]} 

where x G c is an arbitrary point, and 1(c) is the length of O c . Assume that 
all closed orbits of (f> are simple. Then e : Fix(0') — > {±1} is constant on 
each O c x {s} C Fix(<//) n M^, and its value on C c x {s} will be denoted by 
e s (c). 

The Lebesgue measure A = dt on M. can be considered as an invariant 
transverse measure of T. So we have 

in some neighborhood of 0. The restriction of the transverse volume form 
ijj'^ to Fix(i^') n M' s coincides with uj\ on each O c . For any component 
Cc x {s} C Fix(</>') D M^, one can write s = k£(c) for some k ^ 0, and we 
see that, on R \ {0}, 

idis(^) = pi2(e • A'| F . x((/)/) ) = J^^(c) ^2e ke{c) (c) ■ 5 ke{c) , 

where c runs over all primitive closed orbits of the flow <f> [3]. 

10.2. Suspensions. Let X be a connected compact manifold, X its univer- 
sal cover, G a compact Lie group, and h :T = tti(X) ->Ga homomorphism. 
Consider the canonical right action of T on X, and the diagonal right action 
of T on M = X x G: 

(x, a) ■ 7 = (x ■ 7, /i(7^ 1 ) ■ a) . 

Let M = M/r (usually denoted by X xp G). The canonical projection 
7r : M — > M is a covering map. Let [x, a] be the element of M represented 
by each (x,a) £ M. The foliation T on M given by the fibers of the 
second factor projection pr 2 : M — ► G gives rise to a foliation J 7 on M. 
Let A be a left invariant volume form on G, which can be considered as an 
invariant transverse measure of J- because its holonomy pseudogroup can 
be represented by the pseudogroup generated by the left translations by 
elements of h(T). The corresponding transverse volume form wa is defined 
by the condition tt*lo^ = pr 2 A of J-, whose restriction to local transversals 
is another interpretation of A as transverse invariant measure of T . It is 
easy to see that 

X A (^) = vol(G) • xr(X) , 
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where xr{X) is the T-Euler characteristic of the covering manifold X of X 
defined by Atiyah [6]. By Atiyah's T-index theorem [6], we have xr(X) = 
x(X), where x(A) is the Euler characteristic of X. 

There is a C°° global representation <f> : M X G — > M of the structural 
transverse action defined by 

H[x,a],g) = [x,ag] . 

This (j) is a free action. Therefore 

(18) L Ais (F)=vo\(G)- X {X)-5 e 

on the whole of G. In particular, if x(^) 0> then dim//(J r ) = oo for any 
homomorphism h : T — » G. 

We can consider the following concrete example. Let X be a compact 
oriented surface of genus g > 2 endowed with a hyperbolic metric. One can 
show that there exists an injective homomorphism h : tt\{X) — > SO(3,M). 
One obtains a Lie SO(3, R)-foliation T whose leaves are dense, simply con- 
nected (diffeomorphic to M 2 ) and isometric to the hyperbolic plane. Assum- 
ing that vol(G) = 1, we get 

2 

Since the leaves of T are dense, we have H (R) = H (R) = R, and therefore 

Tr° is (.F) = TrL(^) = 1 • 

By ((THJ), we get 

L dis (^) = (2 - 2 5 ) • 6 e , 

and 

Tri is (^) = (2 5 -2)-.5 e + 2. 

One can also take any homomorphism of T to the n-torus M n /Z n to pro- 
duce a foliation, which has infinite dimensional reduced cohomology of de- 
gree one (see [U Example 2.11]). In this case, we have 

but Tr^(^) - ■ 6 e is C°°. 

10.3. Bundles over homogeneous spaces and the Selberg trace for- 
mula. Let G be a simply connected Lie group, T a discrete cocompact 
subgroup in G, and a an injective homomorphism of T to the diffeomor- 
phism group Diff (X) of some compact connected C°° manifold X. Consider 
a left action of T on M = G x X given by 

7 • (a,x) = (7a, a(7)(x)) . 

Let M = r\(G x X), and let [a, x] be the element of M represented by any 
(a, x) G M. The canonical projection 7r : M — > M is a covering map. The 
first factor projection GxI->G defines a fiber bundle map M — > T\G, 
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whose fibers are the leaves of a foliation T . For each a G G, the leaf of T 
through Ta is 

Lva = {[a,x] | x G X} , 
which is diffeomorphic to X because a is injective. Consider a left-invariant 
volume form A on G. It induces a volume form on T\G, denoted by A r \g, 
whose pull-back to M via the map M — > F\G defines a transverse volume 
form uja of T. Since M — > r\G is a fiber bundle map with typical fiber X, 
we get 

X A (^)=vol(r\G)-xW, 
where xPO is the Euler characteristic of X. 

The structural transverse action <& g of an element g G G is given by the 
leafwise homotopy class of diffeomorphisms (f> g : M — > M of the form 

9 ([a,x]) = [ag,(3(x)} , 

where (3 is any diffeomorphism of X homotopic to idx- 

The leaf of the foliation Q through a point ([a, x], b) G M x G is 

{([a^y],^ 1 ^) | y G X, y G G} . 

So the leaves of Q are 

M^ = {([ 5 ,y],y- 1 6y) | y e X, y G G} , beG, 

with M' b = M£ when 62 G Ad(r)&i; thus the leaves of £ are parameterized 
by the T-conjugacy classes in G. 

Let pr 1 and pr 2 denote the factor projections of M x G to M and G, 
respectively. The restriction pr 2 : M' b — ► G is a bundle map over the orbit 

O b = {g- l bg | y G G} ^ G b \G 

of the adjoint representation of G on G, where 

G b = {g G G I gb = bg} 

is the centralizer of b in G. 

For each 6 G G, the restriction pr 1 : M' b — ► M is a covering map. Indeed, 
we have M£ = r 6 \(G x A"), where 

r fe = { 7 g r I 76 = 67} = r n G fe . 

The leaves of the foliation T' b = pr^ T on are described as 
L a = {([a,y],a _1 6a) | y G X} , a G G , 

with L ai = L a2 if and only if T b a\ = F b a,2- Therefore the leaves of T' are 
the fibers of the natural map 

M' b = F b \(G x X) -> r 6 \G , ([a, y], a^fta) ^ T b a . 

Take a G°° global representation ^:¥xG^Moff defined by 

</>([a,x],g) = [ag,x] . 

We have 

Fix(0') = {([a,x],g) G M x G | [ay,x] = [o,x]} . 
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The identity [ag, x] = [a, x] holds if and only if there exists 7 G T such that 
ag = 7a and 0(7) (x ) = x. Hence 

Fix((//) = {([a, x], a -1 7a) x G X, 0(7)2: = x, a G G} . 
7er 

We see that if Fix(</>') n / 0, then one can assume that b = 7 <G T and 
0(7) has a fixed point in X. In this case, 

FixO')P|M^, = {([a,x],a _1 7«) | ar G X, a(7)x = x, a G G} . 

A point ([a, x], a~ l ^a) G Fix(0') fl M 7 is simple if and only if x is a simple 
fixed point of 0(7); in this case, we have 

e([a, x], a~ lr ya) = signdet(a(7)* — id : T X X — > T X X) , 

which is denoted by e Q ( 7 )(x). Assume that, for any 7 G T \ {e}, all the fixed 
points of the diffeomorphism 0(7), denoted by xi(7), #2(7), • • • , x<2( 7 )(7), are 
simple. Then 

Fix(0')n M 7= {jKhx^a-^a) \ a G G} . 

k=l 

The transverse volume form uj' a = prj oj\ of F' is, by definition, the pull- 
back of Ap 7 \ G via the map M 7 — > T 7 \G. Let £ be a complete set of 
representatives of the T-conjugacy classes in T. For / G C£°(G \ {e}), we 
get 



(pr 2 *(e- A'lpix^'))'/) 

= / /°pr 2 -e^A 

•/FixfcA'") 



Fix(c/>') 

<*(7) , 

= Yj 12 /( a_ V) •ea( 7 )( x fc(7))Ar 7 \ G (r 7 a) . 

7G E\{e} fe=l- 7r ^\ G ' 

By the classical Lefschetz theorem, we have 

d( 7 ) 

^ e «(7)( x fe(7)) = L { a (l)) , 

fc=l 

where 

dimX 

^(«(7)) = £ ("IF Tr(a( 7 )* : H\X) - 
i=i 

is the Lefschetz number of the diffeomorphism 0(7). It can be easily seen 
that L(a('j)) depends only on the conjugacy class of 7. Take a left invariant 
Riemannian metric on G whose volume form is A. Consider the Riemannian 
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metric on G 7 \G so that the canonical projection G — > G 7 \G is a Riemannian 
submersion, and let Aq \q be the corresponding volume form. Then 

(pr 2 *(eA'lFix(0'))'/) 

= Y, / /(^ 1 7a)Ar 7 \ G (r 7 a) 

Y L{a(a)) vol(r 7 \G 7 ) / /(a-V)A G7 \ G (G 7 a). 



7 es\{e} 

Finally, we get the following Selberg type trace formula (cf. [29J): 

= vol(T\G)x(X)f(e) 

+ Y L («W) vol(T 7 \G 7 ) f /(a-V)A G7 \ G (G 



7 GS\{e} 



7 aj 



In the particular case when G = R, T = Z and the homomorphism a 
is given by a diffeomorphism i 7 of a compact manifold X, the manifold M 
is the mapping torus of F and the foliation T is given by the fibers of the 
natural map M — ► S 1 . Then the formula gives 

L dis (^) = X (X) • 5 + J] L(F fc )-4. 

fcGZ\{0} 



10.4. Homogeneous foliations. Let H and G be simply connected Lie 
groups, T a uniform discrete subgroup in H, and D : — > G a surjective 
homomorphism so that Ti = -D(T) is dense in G. Then M = T\H is a 
compact manifold, and let T be the foliation on M whose leaves are the 
projections of the fibers of D. If K = kerD, then the leaves of T are the 
orbits of the right action of K on M induced by the right action on H 
defined by right translations. 

This J- is a Lie G-foliation whose structural transverse action $ is given 
as follows: for each g £ G, <S> g is represented by the foliated map T — > T 
induced by the right multiplication by any element of D~ 1 {g). 

The leaf of the foliation Q on M x G through a point (Th, a) G M x G is, 
by definition, 

M (rh,a) = {(Thug^ag) \g<=G, h x e D-\D(Th)g)} . 

It is easy to see that there is a bijection between the set of leaves of Q 
and the orbit space Gj Ad(Ti) of the adjoint action of Ti on G so that, for 
Ad(ri)<7o ^ Gj Ad(Ti), the corresponding leaf is described as 

M 'Ad(r l)90 = i(rh,g) £MxG\ D(h) g D(h)- 1 e Ad(Ti)go} . 
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The first factor projection pi 1 : M' Ad ^ r ^ go — > M is a covering map; indeed, 
M' go = T go \H, where T go =TnD- 1 (T lt9o ), denoting by Fi, 9o the centralizer 
of g in IY 

The leaves of T can be described as 

Lr l9l = {TheM\ D(h) G Ti^i} , 9l G Ti\G . 

By definition, the leaf L r = pr*(Lr lfll ) of the foliation T 1 = pr^ T on 
M' go consists of all (Th,g) G M x G such that D{h)gD{h)- 1 G Ad(ri) g 
and -D(/i) G Ti^i. So it can be parameterized by the elements of (Ti\G) x 
(G/ Ad(ri)), and it can be described as 

L'r igi = {(Th,g) G M x G : £>(fc) G r m , ff G Ad( 5l ) Ad^) <?o} ■ 

We also see that pr 2 (M go ) is the orbit O go of the adjoint action of G on 
G through go- Moreover, pr 2 : M' go — > 9o is a bundle map, and the fiber of 
this bundle over y G O fl0 can be identified with T x \H Xl where x G H is any 
element such that -D(x) = y. 

Denote by f), 5 and t the Lie algebras of H, G and K, respectively. We 
have a short exact sequence 

► I ► f) — ► . 

To construct C°° local representations of we choose a splitting of this 
short exact sequence; that is, a linear map s : Q — > such that D* o s = id . 
So s is injective and s(g) © t = h. Let J7 C be an open neighborhood of 
in such that the restriction exp : U — > exp(J7) C G of the exponential map 
to ?7 is a diffeomorphism. Then, for any g G G, a G°° local representation 
0:MxO^M of is defined on the open neighborhood O = gexp(U) of 
g as 

0(r/i, 5 expY) = T/i/ii exp s(Y) , fieff, YGf7, 
where hi G is any element such that D{h\) = g. 

Now fix y G G and h\ £ H such that D{h\) = g. By definition, 

(r/i, 5 exp y) G Fix(0') 44> rtoj exp s(Y) = Th^ hh x exp s(Y) h^ 1 G T . 

We have 

£>(/i) 3 exp y D{h)- 1 = D{hhx exp s(Y) h' 1 ) G Ti , 
therefore, we get Fix(<//) (~l M^ ^ iff #o G Ti. In particular, it follows that 

pr 2 (Fix(^)) = (J 1 , 

where £ is a complete set of representatives of the Ti-conjugacy classes in 
Ti. For a fixed class 7 G S, let [-D _1 (7)] be the T-conjugacy class of the 
unique element 71 G T such that D(7i) =7. Then we have 

Fix(^) n m; 

= {(r/i,yexpY) G (r\#) xG | hh x exp s(Y) /i" 1 G [£> _1 (7)]} . 



38 



J.A. ALVAREZ LOPEZ AND Y.A. KORDYUKOV 



For any (Th, g expY) G Fix(^>'), the left translation by h determines an 
isomorphism of the tangent space T^hF with 6, and, under this isomorphism, 
the induced map exp s(Y))* : TyhF —> TyhF corresponds to the restric- 
tion Ad(/ii exp s(Y))* |j : 6 — > t of the differential of the adjoint action of 
gexpY £ G on G to 6. In particular, (I7t, gexp Y) € Fix(</>) is simple if and 
only if Ad(/ii exp s(y))* |e : t — ► t is an isomorphism. It should be noted 
that this condition depends only on g exp Y and is independent of the choice 
hi and s. 

Assume that Adf^/ry/i^ 1 )* |j : t — > t is an isomorphism for any 7 € T and 
h £ H. Then the value 

e(Th,gexpY) = signdet ((<j) hl exps( y))* - id : T r/l J" -> T r/l ^") 
= signdet (Ad(/ii exps(Y))* | 4 - id : fi -> £) 

is the same for any (Th, g expY) € Fix(^/) n ML, and equals 

6(7) = signdet (Ad(7)* | e - id : f -> I) . 

Let A be a left invariant volume form on G, which can be identified with 
a transverse volume form of T. Fix 7 6 S. Then the transverse volume 
form A' = pr| A of J 7 ' is given by the lift of A to M^ by the restriction of 
the map 

(Th,g) G (T\H) xGh D(/t) £ G . 

to 

M; = {(r/i, 5 ) 6 (r\5) x G I <? D(h)- 1 G Ad(Ti) 7} ■ 

As above, take a left invariant Riemannian metric on G whose volume form 
is A. Consider the Riemannian metric on G 7 \G so that the canonical pro- 
jection G — > G 7 \G is a Riemannian submersion, and let Aq \q be the 
corresponding volume form. Restricting the form A' to Fix(</>') n M^ and 
integrating it along the fibers of pr 2 , for any / £ G£°(G), we get 

(Xdis(n/) = <Pr 2 *(eA'),/) 

= ^e( 7 )vol(r 70 Vf/ 70 ) f f{g- l ig)A G ^ G {G ig ) , 

7 g£ JG y \G 

where 70 € T is the unique element such that ^(70) = 7- 

10.5. Nilpotent homogeneous foliations. Let G be a nontrivial simply 
connected nilpotent Lie group and let T\ C G be a finitely generated dense 
subgroup. By Malcev's theory |18| . there exists a simply connected nilpotent 
Lie group H , an embedding i : T\ H and a surjective homomorphism 
D : # — > G such that T = i{T\) is discrete and uniform in H, and D o 
i = idr x . Consider the corresponding homogeneous foliation on the closed 
nilmanifold M = T\H. As above, K denotes the kernel of D, which is a 
normal connected Lie subgroup in H, and 6 denotes the Lie algebra of K. As 
shown in [TJ Theorem 2.10], there is a canonical isomorphism H^) = H(f) 
(c.f. [22]), and thus L^^J 7 ) = by Corollary ll.4[ Let us check this triviality 



LEFSCHETZ DISTRIBUTION OF LIE FOLIATIONS 



39 



in another way. It can be easily seen that, under this isomorphism, the action 
of an element g G G on H(!F) induced by the structural action <£ corresponds 
to the action Ad*(h) on H(t) induced by the adjoint action of any element 
h € D^ 1 (g). So TrJ lis (^ r ) is a smooth function on G, whose value at g G G is 
the trace of Ad*(/i) on H l (t) with h G D~ 1 {g). Since H is nilpotent, Ad*(/i) 
has a triangular matrix representation whose diagonal entries are equal to 
1. So 

T^ is (^) = dimiT(e), 

yielding 

i 



Any local section g i-> /i 9 of D on some open subset O C G induces a (7°° 
local representation (ft : M x O — > M of the structural action <E>, where each 
^ 9 is induced by the right multiplication by h g . All the fixed points of are 
not simple. 
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